Introduction
Many conditions sufficient for the existence of Hamiltonian cycles and paths in digraphs are known (see [3] ). The object of this work is to point out some similar results for digraphs with conditions on the number of arcs involving the independence number and the half-degrees of the digraph. Namely, we extend some results obtained in [l, 2,5] .
Throughout this paper, D = (V, E) denotes a digraph of order n with vertex-set V(D) and arc-set E(D). If x and y are vertices of D, we say that x dominates y if the arc (x, y) is present. For A, B s V(D) and A fl B = 0, we define E(A+ B) = {(x, y) 1 x E A, y E B, (n, y) E E(D)} and E(A, B) = E(A+ B) U E(B+ A). For a vertex x of D, we define T&x) and T:(x) to be the sets of vertices of B which, respectively, dominate, and are dominated by, the vertex X. The B-outdegree, B-indegree and B-degree of x are defined as lrs(x)l, I&(X)) and I&(x)1 + lr,'(x)l, respectively, and are denoted di We call opposite of D, the digraph obtained from D by replacing any arc (x, y) by the arc (y, x). If x and y are vertices of D, then we say that there exists a Hamiltonian path between x and y, if there exists a Hamiltonian path from x to y and another one from y to x in D.
An independent set of D is a subset of V(D) which induces a subgraph without arcs. The independence number of D, denoted by a(D), is the cardinality of a maximum independent set of D.
A Kz denotes the complete symmetric digraph and S, denotes the independent set on k vertices, respectively, while SO is the empty set.
Let us recall some results which shall be used in this paper. The following lemma is well known. 
Main results

In view of
D' = (V, E(D) -E(D -S))
satisfies IE(D')( z= f (n, a) -n/2(n/2 -1) 2 (n'-n)/2. It follows from Theorem 1.3 that either D' is Hamiltonian or else IE(D')I = (n'-n)/2 (and therefore IE(D)I =f(n, a)) and furthermore D' is isomorphic to RI(n) or to RI or R2 of Fig. 1 . Consequently, if D' is Hamiltonian, then D is Hamiltonian too, if D' is isomorphic to Bi(n), then D is isomorphic either to DI(n) or to 4(n) or to their opposites and if D' is isomorphic to R,, then D is isomorphic to Gi, i = 1 or 2, of Fig. 3 .
Assume now n 2 2a + 1 and suppose the theorem be true for any n', 2a < n' <n. Let Proof. Any digraph has independence number at least one and therefore the conclusion follows directly from Theorem 2.2. q
The following corollary may be proved in a similar way. We shall give a function g(n, (u) in Theorem 2.7 such that any digraph with at least g(n, a) arcs is either Hamiltonian connected or else isomorphic to some specified families of digraphs. To prove that, we need the two following Lemmas 2.5 and 2.6. 
Proof. The bipartite digraph D' = (V(D), E(D) -E(D -S)) satisfies
Proof. The only non-Hamiltonian connected digraph with 3 vertices and 5 arcs is the 4(3).
In what follows assume cy ~2 and n 3 5. Let S be a maximum independent set and x, y two vertices of D. We distinguish between three cases 
Case (c): x is in S and y is in D -S.
Consider the digraph D -y. Clearly it has independence number at least a: We distinguish between two cases (i) and (ii) depending upon the degree of y. =g(n, a) and D -x is isomorphic to D3(n -1) or D,(n -1) In view of Theorem 2.11 we have to prove the following lemma. Proof. We begin with the following three remarks.
(1) If &c k + 1 and IE(D) > F(n, (u) (resp. /E(D)1 > G(n, a)), then D is Hamiltonian (resp. Hamiltonian connected) by Theorem 1.1.) since by a simple calculation we can verify that F(n, CX) 3 R(n, k) and G(n, a) 3 S(n, k).
(2) If IZ = 2a (resp. IZ = 2a + l), k 3 0 (resp. k s 1) and JE(D)I > F(n, (Y) (resp. /E(D)1 > G(n, a)), then D is Hamiltonian (resp. Hamiltonian connected) by Theorem 2.2 (resp. Theorem 2.7).
(3) For n>2a+2, we have F(n, cu)~F(n, (r+l) and G(n, c~)>G(n, cu+l). We now proceed by induction, where the induction hypotheses are the following.
( The proof is based on the following two Claims 1 and 2. In order to formulate these two claims, we need the following notation. Proof. The conclusion follows directly from the above theorem, since any strong digraph has both half-degrees and independence number at least one. 0
The bounds given in Theorem 2.11 are the best possible. For case (I). Consider the digraph obtained from the disjoint union of G, Sk+,, Sa+_, and K,Y-a-k by adding all arcs between Kz and Sk+, U Sa--k-, U Kz--or-k, between Sa-k_l and Kz-n_k, and from Sk+, to Kz--a-k. Although the resulting digraph has n(rz -1) -(k + l)(n -LY -k) -n(cu -1) arcs, it has no cycle containing all vertices of Sk+, .
For case (II) . Consider the digraph obtained from the disjoint union of Kz, S,, S,_, and Kn*-a_-k by adding all arcs between Kz and Sk U SW_, U Kz-a_k, between S,_, and K~-~+ and from Sk to Kz_or_k. The resulting digraph has n(n -1) -k(n -LY -k) -(U(CY -1) arcs, however it has no Hamiltonian path between two vertices of Kz.
